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Abstract. We show that the trace of the null recurrent biased random walk on a Galton- 
Watson tree properly renormalized converges to the Brownian forest. Our result extends 
to the setting of the random walk in random environment on a Galton-Watson tree. 
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1 Introduction 

We consider a Galton-Watson tree T with offspring distribution v. The measure GW 
denotes the Galton-Watson measure on the space of trees, and T^gw is the expectation 
with respect to GW. The root is denoted by e. We suppose that the mean number of 
children m := T'gwI^] is strictly greater than 1 so that the tree is super-critical. We write 
GW* for the Galton-Watson measure conditioned on T being infinite. 

We call v{x) the number of children of the vertex x in T. For x G T\{e}, we denote 
by x* the parent of x, that is the neighbour of x which lies on the path from x to the 
root e, and hy xi,l < i < v{x) the children of x. We let |x| be the height of the vertex x, 
that is the graph distance between the root and x. Fix a tree T. For A > 0, the A-biased 
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random walk {Xn)n>o is the Markov chain on the graph T which starts at e and snch that 


( 1 . 1 ) 

( 1 , 2 ) 


I Xfi (r) 

PT(^^ri+l I Xyi (r) 


A 

A + v{x) ’ 

--- for any 1 < i < i>{x). 

\ + u{x) _ _ V y 


To dehne the transition probabilities from the root, we artihcially add a parent e* to the 
root, and we snppose that the Markov chain is reflected at e*. We denote by Pt the 
qnenched probability associated to the Markov chain {Xn)n on the tree T and by P, resp. 
P*, the annealed probability obtained by averaging Pt over GW, resp. GW*. They are 
associated to the expectations Et, E and E*. 


When A < m, the Markov chain is transient for GW*-almost every tree, see Lyons |21) . 
We refer to the works of Lyons, Pemantle and Peres [23], [25], [26] for the stndy of the 
transient biased random walk, and open qnestions. We consider here the nnll recnrrent 
case A = m G (l,cx3). Peres and Zeitonni [31] showed a central limit theorem for the 
height of the walk. 


Theorem [Peres, Zeitouni [31] ] Assume m G (l,oo), X = m and some expo¬ 


nential moments for n. Let := GW*-almost every tree, the process 

I |/\/o^| converges in law towards {\Bt\)t>o, where {Bt)t>o is a standard Brow¬ 
nian motion. 


t>o 


This theorem was proved by Ending an explicit invariant measnre on the space of 
trees, and showing an invariance principle for a martingale which approximates the pro¬ 
cess (|X„|)„>o. Dembo and Snn [10] extended the theorem to the case where T is a 
mnlti-type Galton-Watson tree, assnming only a moment of order 4 for some £ > 0. 
A natnral qnestion is now to nnderstand the trace of the walk (X„)„ in the tree T. Let 
:= {Xfc, k < n} be the set of vertices visited by the walk nntil time n, and Rn its 
cardinal, also called the range. Notice that is a tree. We will consider it as a metric 
space, where each edge has length 1. From this point of view, TZn is an nnlabeled tree. 
Onr main theorem says that TZn snitably normalized converges in distribntion to the real 
tree coded by (|i?t|)tg[oq]. We briefly recall its constrnction taken from [12]. We refer 
to [2^ for a review on random real trees. 
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Let be a continuous function from [0,1] to M+ (it is usually assumed that g{l) = 0 but 
it is not the case here). For any s,t E [0,1], dehne dg{s,t) := g{s) +git) — 2min{ 5 f(r); r G 
[min(s, t),max(s, t)]}. Using the equivalence relation s ~ t dg{s,t) = 0, we see that dg 
dehnes a metric on the quotient space Tg := [0,1]/ The metric space (Tg,dg) is the 
real tree encoded by g. The space of all real trees is equipped with the Gromov-Hausdorff 
metric do (see Section 1 of izni). Taking for g a normalized Brownian excursion, Tg is the 
continuum random tree, also called Brownian tree, introduced by Aldous II1.0- Here we 
will take for g the reflected Brownian motion |B| := (iHiD^gjo^i]. In this case, Tg can be 
seen as a Brownian forest explored up to time 1. For r > 0, the notation rTZn denotes the 
tree TZn with edge length r. 


Theorem 1.1. Assume that m G (l,oo), X = m and let cr^ := i) ^ Under P* 

(annealed case) and under Px for GW*-a.e. tree T (quenched case), the following joint 
convergence in law holds as n ^ oo: 

({I^Gdl}te[o,i] ^ (1^1’"^Bl) 

for the Skorokhod topology on the space of cddldg functions and the Gromov-Hausdorff 
topology on the space of real trees. 

Therefore, asymptotically, the random walk {Xn)n looks like the contour function of 
its trace, see Section 3 of 120] (this statement is not very precise because we deal with 
unlabeled trees here). The theorem also extends the result of Peres and Zeitouni jST] on 
the convergence of the height of the random walk under a second moment assumption. 
The idea of the proof is to look at the local times of the random walk. This strategy was 
used in the papers of Kesten, Kozlov, Spitzer jT9] in the case of random walks in random 
environment on Z, and Basdevant and Singh 0 . 0.0 in the case of multi-excited random 
walks on Z and on the regular tree. Call an excursion of (X„)„ the trajectory of the walk 
before hitting the parent of its starting point. During one excursion, the local times 
of the edges {x^,x) (i.e. the number of times the directed edge has been crossed) form 
under P a multi-type Galton-Watson tree, with initial type 1. We will show that the 
successive excursions from the root e are close to be independent (they are identically 
distributed but not independent under P). Therefore, TZn is close to a concatenation of 
i.i.d. multi-type Galton-Watson trees, and we use a result of [8] on scaling limit of multi¬ 
type Galton-Watson trees to complete the proof in the annealed case. In the quenched 
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case, we show that there is an averaging phenomenon, which is reminiscent of (bnt mnch 
easier to prove than) what happens for the large deviations of transient biased random 
walks on Galton-Watson trees [9]. 

The same strategy can be applied to the case of random walks on random environ¬ 
ment on Galton-Watson trees, see Farand HI. We give more details on this acconnt in 
Section [6l 

The paper is organized as follows. In Section [2l we recall the resnlt of [8] on the 
scaling limit of certain two-type Galton-Watson trees with edge lengths. In Section |3l 
we describe the process of the local times of an excnrsion of the biased random walk. In 
Section 01 we constrnct different rednced trees associated to the trace of an excnrsion. 
These rednced trees are simpler to deal with since they fall into the scope of [8], bnt still 
contain all the information needed. We prove Theorem II.II in Section|5l Finally, Section[6] 
deals with the case of random walks in random environment on a Galton-Watson tree. 

2 Preliminaries 

Let T be a hnite rooted ordered tree. We refer to Neven |30] for the formal constrnction 
of a tree. By the representation of [30], we can label the vertices of a tree throngh the set 
of words lJn>o^"^- generation of a vertex is the length of its label, the root being of 
generation 0. Since the set of words is eqnipped with the lexicographical order, we can 
rank the vertices of T from the smallest (the root) to the biggest. This gives a way to 
explore the tree, starting from the root and going clockwise, also called depth-hrst search. 
The index of a vertex is the rank of the vertex in the depth-hrst search, the index of the 
root being set to 0. 

We pnt on each edge of the tree a non-negative mark, which stands for its length. 
When not specihed, the length of an edge is set to 1. Therefore the tree T is endowed 
with a natnral metric (or psendo-metric in the case where some edges have length 0). The 
height of a vertex is by dehnition the distance of the vertex to the root. The height fnnc- 
tion of the tree T is the fnnction that maps any integer k G [0, ^T —1] to the height of the 
vertex of index k in the depth-hrst search. A forest is a seqnence of hnite trees (Tj)j, and 
the height fnnction of a forest is the concatenation of the height fnnctions of the trees (Tj)i. 
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Let us introduce the result of [8| that will be used in our proof. Let T be a leafed 
Galton-Watson tree with edge lengths (as defined in Section 1.1 of |H]) ; that is T is a 
2-type Galton-Watson tree with edge lengths with types denoted by s and / such that 
vertices of type s give no offspring (they are sterile). The offspring distribution of a vertex 
of type / can be represented by a random point process 9 = (5t(i)/(i))i<v on {s, /} x ®+ 
where N is the number of children, t{i) is the type (s or /) of the i-th child for the 
lexicographical order, and i{i) is the length of its edge. The type of the root is /. It gives 
birth according to 9. Ghildren at generation 1 of type s have no offspring, while the ones 
of type / give birth independently according to i.i.d. copies of 9 and so on. We suppose 
that mean 1 and some finite variance G (0, cxo) (we take Sj > 0). It 

means that the Galton-Watson tree composed of vertices of type / is critical. Moreover, 
we suppose that 

(i) E[N] =: < cx), 

(ii) y^E 




goes to 0 as 1/ —)• CX), 


(hi) y'^P {maXi<N,t(i)=s > v) goes to 0 as cx). 


We denote by C 2 the quantity E •^(*)l{hb=/} ’ which is finite thanks to (ii). Finally 

we take i.i.d. trees (Tj)j distributed as T and we call H the height function associated 
to the forest, and Hj the height function of the forest restricted to vertices of type /. 
The following result comes from Theorem 1 of |H] (beware that Hf is different from the 
process introduced in [8] since in our case the lengths are not reset to 1). It states that 
the height function H is asymptotically given by a deterministic rescaling in time of Hf. 
Loosely speaking the forest composed of the vertices of type / captures all the randomness. 


Theorem A. [8J The following joint convergence in law holds as n ^ 00 for the Sko- 
rokhod topology of cddldg functions : 

1 2C 

^/n - Af 

where B is a standard Brownian motion. 

To be precise, you obtain this result by combining Theorem 1 of jS] applied on one 
hand to the leafed Galton-Watson tree with edge lengths T and on the other hand to 
the single-type Galton-Watson tree with edge lengths composed only of vertices of type /. 
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Let u{k) be the index (for the first-depth search) of the fc-th vertex of type / visited by 
the first-depth search in the forest. Let i{n) be the maximal length of the edges explored 
by the first-depth search until n vertices of type / have been visited. The following lemma 
can be found in |8] ((i) is the equation which lies right below equation (2.10) in the proof 
of Proposition 5, and (ii) comes from equation (2.4) in the proof of Proposition 5 together 
with the use of our condition (iii) to control the length of edges of type s) . 


Lemma 2.1. The following convergences hold in probability: 

u(k) (p) 1 


ii) lim 

k^oo 


k 


C'L 


■ •N 1 . ^in){p) 

%%) hm —^ = 0. 


n 


3 Description of the process of local times 

Recall that T is a Galton-Watson tree, in which we artificially added a parent e* to the 
root e. Let := min{n > 1 : = e*} be the hitting time of e* in T. Let := 1 

and for each vertex x ^ {e*, e}, 

^e* 

■= X] l{X„_i=x.,X„=x} 

n=l 

which stands for the number of crosses of the directed edge {x^,x) during one excursion. 
More generally, we define for A; > 2, 

rl") := min{n > : X„ = e,}, 

then := k and for each vertex x ^ {e*, e}, 

n=l 

The random variable stands for the fc-th visit time at e*, and is the local time 
on the directed edge {x^,x) up to that time. 

Lemma 3.1. Let k > 1. Under P, the tree {x G T\{e*} : > 1} is a multi-type 

Galton-Watson tree with initial type k. 

Proof. Let us construct the tree T and the Markov chain {Xn)n>o- Recall from the setting 
of Neveu EDI, that we can see T\{e*} as a subset of the set of words U := lJn>o^”- 
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each word x E U independently, we let i>{x) be distributed as u. In the case where x 
is a vertex of T, u{x) is the number of children of x in T. Furthermore, on each word 
X E U independently, we attach a sequence Vx of i.i.d. random variables equal to a child 
xi (with i < z/(a:)) with probability and to the parent x* with probability . 

Then the Markov chain {Xn)n>o is a function of all processes {Vx,x G U). For a child xi 
of X, we observe that NX is the number of appearances of xi in the sequence Vx until x* 
has appeared Nx^'* times. In particular, the law of ^i < ^{x)) given {Ny^\ \y\ < |x|) 
only depends on N^\ It implies the lemma. □ 


Let us consider the setting of [8]. The mean matrix is, for i, j > 1, 


rriij := E 


E I X =* 

|x|=l 


i+i -I 


m 


i+l 


j J {m + 1)*+J 


We notice that the vectors (aj)j>i and given by a* := (m — l)m“* and := 

(1 — m~^)i are respectively left and right eigenvectors associated to the eigenvalue 1, 
normalized such that Oj = 1 and cabi = 1. In this context, a version of the 
many-to-one lemma reads as follows (its proof goes by induction on n). For any bounded 
function / : M” —)■ M, we have, denoting by x* the ancestor of x at generation i, 

(3.3) 


E 




.\x\=n,NX>l 


= kE 


^/(iVi,iV2,...,iV„_i,W) 

Y). 


N. = k 


where {Ni)i>o is a Markov chain on N\{0} with transition probabilities from i to j given 
by 


m 




h 


i + j — 1'^ 

i ){m + iy+j' 


We can check that the probability distribution vr on N\{0} given by tt* := aibi is then 
a reversible measure for {Ni)i>o. The return time at 1 of this Markov chain is easily 
controlled by the following lemma. 


Lemma 3.2. Let^i := min{i >1 : W = 1}. There exists r > 0 such thatE 
oo. 


e^T-i I iVn = 1 


< 


Proof. A computation leads to 


= 1 + —(* + l). 

m 
i>i 
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Now for all i > iq large enough, l + ^(f + l) < d x i for some d < 1. It implies that, 
starting in the set {i < zq}, the return time to this set admits exponential moments 
(see e.g. Theorem 15.2.5 in |27]). The probability to go from z < zq to 1 in one step is 
uniformly bounded from below by some positive constant. It implies that the number of 
hits of the set {z < Zq} before time 71 is stochastically dominated by a geometric random 
variable.Therefore 71 is stochastically dominated by a sum of a geometric number of i.i.d 
random variables which have exponential moments. It implies the lemma. □ 


4 Reduction of trees 

Let 

T:=n€T\{e.} : iVW > 1}. 

By Lemma 13.11 we know that T is a multi-type Galton-Watson tree. Following an 
idea of Miermont |2H] further developed in [ 8 ], we will see that the important vertices are 
the vertices of type 1. Therefore, we choose to work with some simpler trees constructed 
as follows. 

The tree T^) 

Draw the tree T in the plane and erase all the edges (but keep the vertices, remember the 
genealogy and the trajectory (X„)^^^(i)). Draw an edge between x and any descendant 
y such that x is the youngest ancestor of z/ in T with type 1 (excluding y itself). The 
length of the edge between x and y is set to be \y\ — |a:|, where \z\ is the generation of z 
in the tree T or equivalenty in T. Re-order the resulting tree so that the order in which 
the walk (X„)„ hrst hits the vertices is given by the depth-first search order (notice that 
it is possible indeed using the fact that an edge (x*, x) is crossed only once upwards for a 
vertex x G T with type 1). Call the tree that you obtain, see Figured] The tree T^) 
will be used to encode the trace Tin- This reduced tree is studied in Sections 1.3 and 3 
of jH]. From Proposition 1 of jH], we see that is a leafed Galton-Watson tree with edge 
lengths as introduced in Section [2l We set the type of a vertex z as / if = 1 and as s 
otherwise. Conditions (ii) and (iii) are satished (see Appendix of [ 8 ], equation (A.l) there 
is satisfied with V{i) = i as shown in our proof of Lemma IT^ . The constants Sj, Ci and 
C 2 are computed in Section 3.4 of |8]. We have S/ = ^ 7 ^, Ci = and C 2 = 7 ^, where 
Oi, bi are defined in Section [21 and 7 > 0 is given by < qq (in the setting 
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and notation of |8], we have for all i, j, k>l, - 1)] (^+^I+j+fc )• 

The tree 

Consider the tree and let x be a vertex of type /. For any child y oi x m. 

with type s, duplicate ky — 1 times the edge (x, y) (and root the duplicated edges at x) 
where we denote by ky the number of times the vertex y has been visited by the walk 
(^n) ^^^( 1 ) in T. Root also k^ — 1 edges of length 0 at x. Do this for any vertex x of type 
/ and re-order the new edges so that the height function of the tree is exactly given by 
(|X„|)^^^(i). Call this tree. Again is a leafed Galton-Watson tree with edge 
lengths as introduced in Section [2l The old vertices inherit their types s or / from 
whereas the type of the newly created vertices are all set to s. The values of Sj and C 2 
remain unchanged but we need to compute C\. We observe that in that case is by 
construction 


E 


1 + E 




E 




3;GT\{e*,e} x£T\{e*,e} 

where we recall that Xj is the ancestor of x at generation i in T. We notice that the term 
inside the expectation can be rewritten as 


2 5 ^ 


a:eT\{e*,e} 




Therefore 


= 2^E 


£>i 




|x|=£ 




By equation (I3.3jl . we get 


2E 


E 'Vi”! 

a;eT\{e*,e} 




(ivfV 1,V^ e [1,^-111iVo = 1 ) 

i>\ 


= 2E 


7i I A^o = 1 


7r(l) aibi 

where we recall that vr is the invariant probability measure of the Markov chain {Nk)^. 
Therefore the value of Ci is now 


Remark. During the procedure, and by an abuse of notation, a vertex x G T was 
referred to by the same name in the trees T, T^) and T*^'^h We will always do so. 
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4,20 


2,21 



type 1 
type 1 



Figure 1: The tree T (top) and the tree (bottom) associated. (2,5) means that the 
vertex has type = 2 and is the 5-th distinct vertex visited by the walk. 
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Let (Ti, Tf ^)i>i be i.i.d. copies of the trees (T, TW). We call F, F^"'), F^) 

the forests associated. We let and Lfb) the height functions of F^"') and F^). 
Theorem A yields the following proposition. 

Proposition 4.1. The following joint convergence in law holds as n ^ oo for the Sko- 
rokhod topology on the space of cddldg functions: 

where {Bt)t>o is a standard Brownian motion. 

Proof. Theorem A applied to F^) implies that we have the following convergence in law : 
^ (H^^\[nt\),Hf\[nt\)) ^ {\Ba,t\ABt\)t>o 

w 77/ V / t>0 Tj 

where denotes the height function of F^) restricted to vertices of type /. Similarly, 
Theorem A implies that 

^ (H^'^\[nt\),Hl^\[nt\)) ^ (\B.,,,^l\Bf) 

V ■' / t>o p \ 2 ^ / t>o 

where denotes the height function of F^"') restricted to vertices of type /. Finally 

notice that Using the Brownian scaling with yields the theorem with 

2 _ ^ |-| 
^ “ r?2 E[v{u-l)Y 
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Proof of Theorem 


IT] 


Recall that IZn denotes the set of vertices visited by the walk before time n. Let Rn be 
the cardinal of 

Lemma 5.1. Let e G (0,1). Let be the event 


Ss '■= \ Vn > 1, ^ 1 > em^‘ 

\x\=n 

There exists a constant c > 0 such that for any a > 1 and k > 1, 


(5.4) 


P 


( 5 ,, R^ika) < < 3e-""^. 
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Proof. The quenched probability Pt (R (ka) < k'^) is smaller than Pt(-R (i) < On 

\ / Te* 

the event |Pt(-R^(i) > kf) > that Pt {^^(ka) < kf^ < e“^. Therefore, in 

order to prove f|5.4p . we only need to bound the probability 

1 


GW 5„PT(i?(i) >r)< 


k^/a 


For any a; G T, let {X^'‘)n>o be the Markov chain starting at x. We can couple all 
{Xn\n > 0, a; G T) so that Xn'^ is the trajectory of {Xn)n>o after the hrst visit time at x. 
Let Ex^k be the event that the walk {Xn^)n>Q visits more than distinct vertices before 
hitting a:*. Notice that under Pt, the events {Ex^k, = i) are mutually independent and 
independent of Fi := a{Nx^\ |a;| < £}. The probability Pt(-R (u > k'^) is greater than the 
probability that there exists x such that > 1 and Ex,k holds. By comparison with a 
one-dimensional random walk, PT(iVi^^ > 1) = xnM+i_i - Using independence, we have for 
any £ > I, 

m — 1 „ 


Pt(-R_(i) P k ) > 


m 


i+i 


T 




\x\=l 
m—l \ 2 


Choosing the largest integer £ > 1 such that we get PT(i?^(i) > k^) > 


[[J\x\=i^x,k) hence, for such an £, 


GW is,,PM m >k^)< 


ky/a 


< GW 5„Pt [jEx,k \ <1/2 

V Vhl=« / 

< GW [ 5^1>£m^PT I U Ex,k 

\|a;|=£ \h|=.f 


< 1/2 


By independence, we have 


p I n 

\x\=£ 


1 > em^ I < P < k^ 

\x\=l j 


Notice that the subtree of T composed of vertices x of type = 1 is a critical Galton- 
Watson tree with hnite variance. It implies that with probability greater than | (for 
some constant c > 0), the number of vertices of type 1 is greater than In particular, 
P (^-^.,-(1) < < 1 — f • It implies that 


p I n I E1 s 

|3:|=£ 


em 


< p-c'£\/a_ 
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By Markov inequality, it yields that 


GW 




> 


1/2 I E1 

\x\=l 


> em 




The proof is complete. □ 


The next lemma shows that with high probability we cannot hnd any long path in the 
tree with only vertices y of local times greater than 2. We call \e,x\ the set of vertices 
that lie on the path from the root e and the vertex x, excluding e and x. 

Lemma 5.2. There exists a constant c > 0 such that for any i,k > 1, 

(5.5) P (3|x| > £ : > 2, V?/ G]e, x[ s.t. \y\ G [£/2, i]) < 2A; 

Proof. We set by convention = 0 for any x G T. The event in (15.51) is included in the 
union of the two following events 

k 

■= U U 

i=^ \x\=l 

^2 := U U 

l<i<i<fc \y\=l./2 

In words, £i is the event that there exists an excursion from the root during which we can 
hnd a path from generation £/2 to generation £ on which the walk crossed at least twice 
every (directed) edge. If this is not the case, it means that there has been necessarily two 
excursions from the root which crossed the same vertex at generation £/2. This is our 
event £ 2 - Let us bound both probabilities. By the union bound, we have 


P(£:i) < fcP ( IJ {V 2 /G]e,x[s.t. bl G [£/2,£],iVW > 2 } 

\x\=e. 


< kE, 


l{Vye]e,a:Is.t. \y\^[e./2,t],Ny>2} 

\x\=t 


By equation fl3.3p . the last expectation is 


E 


l{Vie[£/2,£],iVi>2} I ^0 - 1 

LiVf 


<_p(V*e[£/2,£],W>2|iVo = l 
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Using a union bound on the last time before time £/2 when Nk = 1, then simple Markov 
property, we hnd that 

P (v* e [i/2, ^], iv, > 2 I iVo = l) < (£/2)P (7i > i/2) 

which is exponentially small by Lemma 13.21 This gives the correct upper bound for 
P(£^i). Let us bound now the probability of the event 82 - We have (we suppose i even for 
simplicity), 

P(^2) < (3 \y\ = i /2 : > 1, iVf - iV« > l) . 

The probability in the right-hand side is less than 



= E 

Y, PT(iv" > 1)" 

_\y\=i/2 


_\y\=£/2 


We have already seen (by comparison with the biased one-dimensional random walk) 
that Pt(-^?; ^ 1) = ^\//\+i_i - Hence, the last expectation is less than Therefore 

^{ 82 ) < and the proof is complete. □ 

Proof of Theorem M.ll Let n > 1 and jn ■= [\/nln^(n)J. Consider the set of vertices 
in T of type Nx"'^ = 1 and generation greater than ^ ln(n)^ and which do not present on 
their ancestral line any other such vertex (of height greater than | ln(?7,)^ and type 1). In 
the case in which this set contains more than n vertices, restrict to the n hrst vertices of 
the set visited by the walk. Call £„ the set of vertices obtained and Ln < n the cardinal 
of this set. We call (Tj)j<i^ the subtrees rooted at ordered by the hitting times of 
their roots by the walk {Xk)k, and for convenience for i > Ln 'we set Tj := Tj (where the 
Tj are i.i.d. versions of T, and independent of all the random variables introduced so far). 
Notice that the trees (Tj)^ are i.i.d. under P. We call Zn the set of vertices in T which 
were visited by {Xk)k<jn but which do not belong to any of the (Tj)j</,^, see Figured 
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t4 ts fa fi 



Figure 2; The tree T (represented up to generation 9), the set and the trees Tj. 


By the Kesten-Stigum theorem, we have that converges almost surely 

towards a random variable which is positive on the event of survival of the Galton-Watson 
tree. By Lemma [5.II together with the Borel-Cantelli lemma, it yields that R o„) > n for 


n large enough, P*-almost surely. It yields that for GW*-a.e. tree T, lim„^ooPT(.R On) < 
n) = 0. Similarly, Lemma [5.21 implies hm„^ooPT(niaXa,g^„ |x| > In^(n)) = 0 for GW-a.e. 
tree T. Finally, observe that, by comparison with a one-dimensional random walk, for 


any vertex a: 6 T and any integer A;, Ft 


get that PT(E|x|<in2H > Jnln^(n)) < ^E|x|=fcl which goes to 0 

GW-a.s. as n —)■ oo. As a result, we can restrict to the event (both for the annealed and 




(fc) 


= km PI. By the Markov inequality, we 
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quenched convergences in law), 


(5J) 


£ ■- 



< jnln(n)^, 


max |a:| < In^(n) 


We will repeatedly use the following simple consequence of Lemma 2.3 of |13] . to which we 
will refer by (F). If (T, d) and (T', d') are two real trees and (p : T —)■ T' is a surjective map 
that sends the root of T to the root of T', then the Gromov-Hausdorff distance dc{T,T') 
between T and T' is smaller than | sup{|(i(a:, ?/) — (i'((p(a:), <p(|/))|, {x^y) G T^}. 


On the event we have C TZ Un)- Let F be the forest associated to the trees (TOj. 
Notice that each tree Tj is associated with an excursion of the walk from its root. We 
call (Xfc)fc>o the concatenation of these excursions, so that {Xk)k>o restricted to 
mimics the trajectory of the walk {Xk)k>o in fhe trees Finally, for k > 1, TZk 

denotes the set of vertices {W, i < k}. We let h{Xk) be the generation of Xk inside the 
subtree Tj to which it belongs. Then, it is sufficient to prove the convergence in law 

(5.8) => (|B|,7Tb|) 

both under the annealed probability P* and the quenched probability Ft to prove the 
theorem. Indeed, let n := Ylk<n t*® the time spent in the forest F until time 

n. On the event we have 0 < n — h < 2j„ln^(?7,) = o(n), and ||Wfc| — h{Xk)\\ < 

In^(n) +maxj<„_fi \h{Xk) — h{Xk-i)\ which will be o(?7,^/^) in probability uniformly in k if 
fl5.8p is proved. On the other hand, dciTZu, TZn) < In^(n) (use (F) with p : TZn TZa being 
the identity on F, and mapping any vertex of Zn to the root of TZn), and dciTZa^TZu) < 
ma.Xi<n-n\h{Xn) — h{Xn+i)\ (using (F) with p : TZn —^ TZn being the identity on TZn 
and mapping the other vertices to Xn) which will be o(n^/^) in probability after (15.81) is 
proved. 

The annealed case 

It is actually enough to prove (15. 8p under P*^ := P(- | X]| 3 ;|=no 1 > 0) any integer uq. 
Notice that the trees (Tj)j are still i.i.d. under P*^ as soon as n is such that | ln(n)^ > uq 
(this was not true under P*). To a tree Ti, we associate the trees (Tj, t(“'\ t(^^) as in 
Section m The concatenation of these trees yields the forests (F, Let 

be the height functions associated to the forests and F^'’^ Recall that by construction 
we have TI^^\k) = h{Xk) for any k >0. By an abuse of notation, we denote by F^''^ DTZn 
the forest restricted to vertices which were in TZn before the reduction of Section 01 
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We see that da {Hn, fw n n n) < •^(^), where ^{n) is the maximal length of an edge 
explored by the depth-first search in the forest before visiting n vertices of type 1. 
By Lemma IZTl (ii), we see that fl TZn) is o{y/n) in probability. We want to 

show the convergence of n IZn for the Gomov-Hansdorff topology. This is eqnivalent 
with showing the convergence of its contonr function, see Lemma 2.3 of [12]. In our case, 
the convergence of the contour function would be implied by that of the height function of 
the tree. Indeed, the argument used in the proof of Theorem 2.4.1 of m can be adjusted 
to height/contour functions of trees with edge lengths, as inequality (2.34) of [11] can be 
adjusted to such functions and inequality (2.35) remains valid. As a result, we need to 
show that under (with Rn being the cardinal of TZn), 

This follows from Proposition 14.11 once we prove that ^ converges towards y in proba¬ 
bility. Let be the indices in the forests F^"'^ and F^^^ of the Tth vertex of 

type 1 for the first-depth search order. Let in be the number of vertices of type 1 that was 
visited by (W)a: before time n. Since mimics the walk X, we deduce that u^'^\in) 
and u^^\in + 1) are lower and upper bounds of n. By Lemma [2.11 fib it implies that in/n 
converges to in probability. On the other hand, Rn is between u^'"\in) and u^'^\in + ^)- 
Lemma 12.11 (i) yields that ^ converges to A in probability. The proof is complete in the 
annealed case. Observe that the same proof works under P which means that (15.8p also 
holds under P. 

The quenched case 

Let En := )}ie[o,i])- Let F be some bounded nonnegative continuous 

function on the space of real trees times cadlag functions on [0,1]. We know by (15.81) 
(used in the annealed setting under P) that E [F(H„)] converges. We want to show that 
Et [F(S„)] converges to the same limit for GW-a.e. every tree T. Hence we are going 
to show that E-f [F(5„)] concentrates around its mean value. To do this, we will show 
that the variance decreases fast enough. Let V be the space of all finite sets of words in 
Ufc>o couples (W, W) £ such that no vertex of W is an ancestor 

of a vertex in W and vice-versa (it includes all couples which contain 0). Recall that by 
construction if = 0, then E-f [F(S„)] = E [F(S„)]. We compute that 

Eqw [Ft [F(S„)]^] = ^ Fqw [Ft [F{En)l{Cn=Vi}] Ft [F{'En)l{Cn=V2}]] ■ 

(Vi,V2)ev2 
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We divide the sum in two, depending on whether {Vi, V 2 ) belongs to A or not. We observe 
that, 

-EqW [Et [F{En)l{C„=Vi}] Et [F{En)l{C„=V2}]] 

{VuV2)&A 

= [PT(/:n = Ei)Pt(/:„ = E2)] E [F{E^)f 

{Vi,V2)&A 

< E[F(S„)]^ 

by the branching property. For the rest of the sum, we just write since F is bounded by, 
say, some M, 

Egw [Et Et [F{EA)1{c„=v2}W 

(VuV2)iA 

< EGw[P-l{Cn = Vi)Fj{Cn = V2)]. 

(Vi,V2)^A 

We end up with 

Egw [Et [F{Er,)f] - E [F{En)f < ^ Egw [Pt {Cn = W) Pt (£„ = E2)] . 

{Vi,V2)^A 

It is enough to show that the right-hand side is summable in n. We have 

Egw [Pt(/:„ = Pi)Pt = E2)] = Egw [Pt = W) Pt ((/:„, fh) ^ ^)]. 

{Vi,V 2 )^A Viev 

Notice that we can restrict to Vi such that m\xixe.Vi ^ | In^(n) and with cardinal smaller 
than n. Let us bound the probability Pt((E„,Fi) ^ A), for such a set Pi. If (£n,Pi) ^ 
A, it means that the random walk {Xk)k has visited before time Tei"'^ the ancestor at 
generation iln^(n) of a vertex in Pi. This probability is smaller than and 

there is at most n such ancestors. Therefore, Pt((E„,Pi) ^ A) < and we 

deduce that 

( 5 . 9 ) Egw [Pt = Pi) Pt = P2)] < 

(Vi,V2)^.4 

which is summable indeed. □ 
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6 Random walks in random environment on a Galton— 
Watson tree 


Let (V(a;))a;eT be a branching random walk on M and V := (T, (V(a;))a;eT)- More specifi¬ 
cally, we let ld(e*) = V{e) = 0. At generation n, and conditionally on a{V{ii), \y\ < n}, 
the random variables {y{xi) — V{x),i < h'{x))\x\=n are snpposed to be independent and 
identically distribnted. The common law does not depend on n. Conditionally on V, we 
consider the Markov chain {Xn)n>o on T snch that for any x 7 ^ e*, 


( 6 . 10 ) Pv(X„+i = x^\Xn = x) 

(6.11) Pv(A'„+i = xi\Xn = x) 


Q-V(x) 

Q-v{x) _j_ Q-v{xi) 

Q-V{xi) 

Q-v{x) _|_ Q-v{xi) 


for any 1 < i < i^{x), 


and which is reflected on e*. The biased random walk is the particnlar case V{x) = 
|x| ln(A). We let P be the measnre Py integrated over the law of V. They are associated to 
the expectations E and Ey. The measnre of V will be denoted by BW, and by BW* when 
conditioned npon the event that T is inhnite. They are associated to the expectations 
Ebw and E^w*- We introdnce 


hl=i 

Lyons and Pemantle [23] showed that the Markov chain is recnrrent or transient de¬ 
pending on whether min^gjo^] 'ip{t) is respectively < 1 or > 1 (moreover it is positive 
recnrrent in the case < 1). We consider the critical case min^gfo^j "(/^(f) = 1. In the 
papers [T6] . [m, |18) . Hn and Shi proved that when > 0 the random walk is of 

order log(?7,)^ whereas when V'Xl) < 0; if is of order n'^ where u := 1 — and 

K := inf{f > 1 : '0(f) = 1} G (l,-|-oo]. In the latter case, Andreoletti and Debs [^ 
showed that the local time of the root at time n was of order 

largest generation entirely visited at time n was of order ln(n). Then, in [12], Hn showed 
that the local time was actnally converging in law after a snitable rescaling. 

In the case k > 2, the walk is therefore of order y/n and we expect a central limit theorem. 
Indeed Farand ra generalized the resnlt of Peres and Zeitonni Ba and showed a central 
limit theorem, at least when k > 5 in the annealed case, and k > 8 in the qnenched case. 
We extend this resnlt to the convergence of the trace of the random walk to the Brownian 
forest, with the condition k > 2 . At the present time, no central limit theorem has been 
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shown for k < 2. We keep the notation TZn, 7[b| of the introduction. 


Theorem 6.1. Assume that 7p{l) = 1, -0(2) < 1 and E X]|x|=|i 7 |=i v(y) 


< oo. 


Let 


;= 


(1 -^/^( 2 ))/ e [ ^ Q-ViA^-Viy) 


\x\ = \y\=l 
x^y 

Under P* (annealed case) and under Py for BW*-a.e. Y(quenched case), the following 
joint convergence in law holds as n ^ oo: 

1 


\/i 


a^n 




for the Skorokhod topology on the space of cddldg functions and the Gromov-Hausdorff 
topology on the space of real trees. 


The proof follows the same lines as for Theorem 11.11 We proceed by adapting the 
steps of the proof to our case. 

6.1 Description of the process of local times 

We adapt Section |3l Lemma [3.II still holds. The mean matrix is now given by 


mij := E 


\x\=l 


i+j-1 


E 


^-jV{x) 


fl-L 

|x|=l ^ ^ ^ 


We introduce a random variable with law given by E[/(^i)] = E X]|x|=i fi ^(^))6 
Notice that under the assumptions of Theorem 16.II we have E S'! >0 (it may be infinite 
if the mean number of children in T is infinite). We define {Sk)k>i as the random walk 
with step distribution given by the law of Si. Let 


a,- : = E 


bj := iE 


'n,(.>i ® 


-St 


2—1 


1 + Ef>i 


i+l 


/E 


1 + Ef>i 


1 + E£>i 


Lemma 6.2. The vectors (aj)jgisj* ond (6i)i6N* ore the left and right eigenvectors associated 
to the eigenvalue 1 of the mean matrix {'0Vij)ij>i. Moreover, they are normalized so that 
= 1 and = 1 (where tt* := aA). 
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Proof. Simple computations ensure that both normalizations are right, and that (6j)igN* 


is a right eigenvector of the mean matrix. Let Cq := E 




and suppose 


that the random walk {Sk)k>i is taken independent of V. We have for all j G M*, 


Ca ^ aiUiij = E 


i>l 


1 + V p-Se ^ ^ 

|a;| = l j>l 




-St 


^-jV{x) 


= E 


= E 


-V{x) 


(1 + 6 


f + j -1 


|x|=i (l+ e-^("^)(l + 


,-V{x) 


i+i 


e-"^(l + E.>ie 


-St' 




1 + e ^i(l + E£>ie"^0 


i+i 


where S[ has the same law than Si, and is independent of {Sg)£>i. This yields 
Ca ^ aiTTlij = E 


i>l 


1 + E £>1 6 


-S' 


\ j + 1 

,/ w 


CaClj, 


where we set for all £ > 1 5^ := S[ + Si-i, and used the fact that with this setting {Si)£>i 
has the same law than {S'Se^i. □ 

Now the many-to-one lemma states that for any bounded function / : N" ^ M, we 
have 


E 


\x\=n,Nx>l 


= E 


Nr 


-f{Ni,N2,...,N,r-l,Nn) 


where (iVj)j>o is a Markov chain on M* starting at 1 and with transition probabilities from 
i to j given by mjj~. We adapt Lemma [3.21 

Lemma 6.3. Let Si ■= min{i > 1 : W = 1}. There exists r > 0 such that E < cx3. 
Proof. We set for all i > 1, F{i) := i. A computation leads to 




i>i 


hl=i 


-V{x) 


E 


hl=i 


-2V{x) 


S + 1). 


Now since ■^(2) < 1, there exists d < 1 such that for all i > io large enough, < 

dF{i). We conclude as in Lemma [3.21 □ 
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6.2 Reduction of trees 


We adapt Section 01 We define in the same way the trees T, and there. 
Lemma 16.31 ensures that satishes conditions (ii) and (iii) of Section [2l The con¬ 
stants 'Ef, Cl and C 2 in Section [2] associated to are given by Ej = Ci = ai, 

C 2 = and ?7 > 0 is given by 


r] 


2 


1-^(2) 


E 





£>1 



^ Q-V{x)^-V(y) 

\x\,\y\=i 

x^y 


(in the setting and notation of jB], we have for all i,j, k G N*, 



fi + j + k-l\ 

V hj,k-l ) 


E 


E 

\x\=l,\y\=^,x^y 


Q-iV(x)^-jV(y) 

(1 -I- Q-Vix) Q-V{y)y+j+k 


)• 


Similarly, the tree is associated to the constants Ef = Ci = and 

C 2 = Proposition 14.11 still holds (with our choice of hi and a). The proof remains 
unchanged. 

7 Proof of Theorem 16.1 

We adapt Section [51 We give here an analogue of Lemma 15.11 This analogue is less precise 
but is still sufficient for our purpose. 

Lemma 7.1. For k > 1 large enough, R (feLiniO(fe)j) > BW*-a.s. 

Proof. Dehne the set of vertices Gk which contains all vertices x G T such that e^P^ > 
fcln^(/c) and < k\n^{k) for any strict ancestor y of x. In other words, Gk is the 
set of vertices which are the first of their ancestry line to be such that e^P^ > k\n‘^(k). 
First let us collect some few facts about Gk- Notice that the Gk are simple optional lines 
increasing in k, as dehned in [7]. Applying Theorem 6.1 of j7] to using 

the fact that converges BW*-a.s. to a positive random variable (see |22]). 

we get that BW*-a.s, there exists £ > 0 small enough so that the event 

5, = i Vfc > 1, ^ 

L x^Gf^ 
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holds. Furthermore, for any real number 6 > 0, we have 


G Gk ■ |a:| > [ln^(/c)J )<E[ E l{eV(^)<fc[ln^(fc)J} 

hl=Lin^(fc)J 




|x| = [ln2(fc)J 


Taking b such that 'ip{b) < 1, this last quantity is summable in k and the Borel-Cantelli 
lemma gives us that BW-a.s., for k large enough, for all x G Gk, |a;| < Lln^(fc)J. Finally, 
considering T"*" the set of vertices x G T such that V{y) < V{x) for any strict ancestor 
y of X, notice that the tree induced by (T’*', (l/(x)) 3 ;gT+) is a branching random walk 
with positive increments along paths in T"*". More precisely, setting for any x G T’*', 
ax '■=V (x) and A^, = oo, it is a C-M-J process as dehned in [29] with Malthusian parameter 
a = 1. Applying Theorem 6.3 of [29] to characteristics 4)x{t) := '^{t>o}^y^=x'^Gv-<^^>t} 
and ipx{t) '■= l{t>o} J2y^=x (conditions 6.1 and 6.2 there being satished 

with /3 = 0), we get that BW*-a.s. 


where G is a positive deterministic constant. Let G'f^ := {x G Ga: : < ^k\r?{k)}. We 

observe that k\n^{k) Yhx&Gk ~ which implies that #G(, > 

cek\v?{k) for k large enough BW*-a.s. on the event S^, where c is any positive constant 
smaller than 2 ^- 

Let us now proceed to the proof. We follow the lines of the proof of Lemma 15.11 with 
the setting a = [ln^°(/c)J. We only need to show that BW-as on the event S^, we have 




1 

kl\n\k)\ 


for k large enough. We dehne again {Xn^)n>o as the Markov chain starting at x and 
Sx^k the event that the walk visits more than k'^ distinct vertices before hitting 

By comparison with a one-dimensional random walk, Pv(A^i^^ > 1) is now equal to 


X: 


> 


fl + e^PP -1- ... -|- e^P^) which is greater than ,, hi, ^ ,, ..s,,,, 2 ,,,, ,, 2 , ,,, 
if X G G'^ for k large enough. We deduce that BW-a.s. on the event S^, for fc > 1 large 
enough, 

2 


Pv(.R^(i) > k ) > 


k[\n%k)\ 


£x,k 


, ^6G', 
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We see that we simply need that Py >\ioik large enough, BW-as on the 

event We showed that > c£k\n^{k) for k large enough BW-a.s. on the event iSg. 
Hence, the proof will be complete if we prove that the probabilities 


BW #G'fc > cek\n^{k) and Py (J < 1/2 




are summable in k. This is done by following the hnal lines of the proof of Lemma [5Tl □ 


We give now the analogue of Lemma 15.21 
Lemma 7.2. There exists a constant c > 0 such that for any ijk> 1, 

P(3|a:| > i : > 2, Vy e]e,x[) < 2 k‘^ 




Proof. The proof is the same as before. The only difference lies in equation (15.bh where 
we use the upper bound P{Ny^^ > 1) < Then we observe that E 

is exponentially small in ^ by our assumptions. □ 


Proof of Theorem lh.il We adapt the proof of Theorem 11.11 First we prove that in the 
annealed and quenched cases, we can restrict to the event dehned in equation (15.71) 
where we take now := \_^/n\i^{n)\. Here is why we can restrict to the event 8 ^- 
Lemma 17.11 and Lemma 17.21 show that we can restrict to {R o„) > n, max^^Zn 1^1 ^ 

= kcT^^^f The Markov 


(k) 


In^(n)}. Then for any vertex x G T and any integer A;, Ey W 

inequality implies that Pv(E|x|<inhn) > Jnln^(n)) < A^k<\n\n) A^\x\=k' 

which goes to 0 BW-a.s. as n —)■ cxo since 'Yli\x\=k^~^'^^'^ converges a.s. when k —)■ oo. Then 


E 


^-^|3;I=A 


.-V{x) 


the proof in the annealed case follows the same lines, replacing the measures GW and 
Pt respectively by BW and Py. The proof of the quenched case is also similar. The 
only difference lies in equation (15.91) . The probability to touch a vertex at generation 
iln^(n) is smaller than max|,j,|^i hence the upper bound in (15.9p becomes 

rijn maX| 3 ,|^i We just need to show that it is smaller than the general term of 

a deterministic summable series on an event of BW*-measure one. This would be implied 
by the fact that liminffc^oo miiip|=A: > c for some constant c > 0 a.s., which holds since 




E|a:|=fc® is a nonnegative martingale hence converges a.s. and '0(2) G (0,1). 


□ 
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